
Composites: Part B 69 (2015) 317–334
Contents lists available at ScienceDirect

Composites: Part B

journal homepage: www.elsevier .com/locate /composi tesb
Thermoelastic analysis of advanced sandwich plates based on a new
quasi-3D hybrid type HSDT with 5 unknowns
http://dx.doi.org/10.1016/j.compositesb.2014.10.009
1359-8368/� 2014 Elsevier Ltd. All rights reserved.

⇑ Corresponding author. Tel.: +51 13540070, cell: +51 96224551.
E-mail address: jmantari@utec.edu.pe (J.L. Mantari).
J.L. Mantari a,⇑, E.V. Granados b

a Faculty of Mechanical Engineering, University of Engineering and Technology, Av. Cascanueces 2281, Santa Anita, Lima, Peru
b Faculty of Mechanical Engineering, National University of Engineering, Av. Túpac Amaru 210, Rimac, Lima, Peru

a r t i c l e i n f o
Article history:
Received 28 August 2014
Received in revised form 29 September
2014
Accepted 1 October 2014
Available online 13 October 2014

Keywords:
A. Layered structures
A. Plates
B. Elasticity
B. Thermomechanical
C. Analytical modeling
a b s t r a c t

This paper presents a thermoelastic bending analysis of functionally graded sandwich plates by using a
new quasi-3D hybrid type higher order shear deformation theory (HSDT). The mathematical model con-
tains only 5 unknowns as the first order shear deformation theory (FSDT). The nonlinear term of the tem-
perature field is modeled in such way that can be different from the shape functions of the displacement
field. The mechanical properties of functionally graded layers of the plate are assumed to vary in the
thickness direction according to a power law distribution. The governing equations for the thermoelastic
bending analysis are obtained through the principle of virtual work and solved via Navier-type solution.
Results reveal: (a) the good performance of the present generalized formulation; (b) the significant influ-
ence of the nonlinear temperature field on the displacements and stresses results. Consequently, discus-
sion on nonlinear temperature field influences should be further considered in the literature.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Composite materials are alternative materials utilized exten-
sively in construction or fabrication of structures due to the high
performance and reliability [1]. Mainly, there are two types of con-
structions with composite materials; the single skin and the sand-
wich construction [2,3]. The sandwich construction is noted for its
exceptional stiffness-to-weight ratio compared with other
structures. Classical sandwich construction is often used in ship
structures because of its main features; such as high flexural
resistance, high impact strength (carbon fibers), high corrosion
resistance (glass fibers) and the low thermal and acoustics conduc-
tivity [4,5]. In the last decades the use of sandwich construction
grew rapidly around the world. Its advantages, the development
of new materials and the necessity of high performance under sta-
tic, dynamic and thermal loads guarantee that the sandwich struc-
tures will be in demand for many years [6–8]. With the increased
use of sandwich structures, there is a tremendous need to develop
efficient manufacturing techniques, economical and effective
repair techniques, and analysis methods to predict the short and
long-term behavior of the multilayer composite materials under
a variety of loading and environmental conditions.
Normally, a sandwich plate is composed of skins (inner and
outer layers) and the core. The core of the sandwich plate is a very
important component in layered structures. Several types of cores
have been developed for different applications; among them are
the honeycomb, foam, web, and solid type such as a functionally
graded (FG) core. In recent years the behavior of sandwich struc-
tures made of functionally graded materials (FGMs) are being stud-
ied. FGMs are produced for example by mixing two or more
materials in a certain volume ratio. The continuous nature of the
variation of the material properties in FGMs lessens both thermal
and residual stresses. Thus, the known advantages of FGMs are
incorporated in the sandwich construction for several engineering
applications. A sandwich construction can be composed of a FG
core and two homogeneous skins or a homogeneous core and
two FG skins.

A literature review reveals that many theories have been devel-
oped to study the behavior of structures composed of layers. These
theories can be classified in different models, such as equivalent
single layer (ESL), quasi-layerwise and layerwise models. HSDTs
were developed to improve the analysis of plate responses and
extensively used by many researchers. Normally, these theories
comply with the free surface boundary conditions and account
for approximately parabolic distribution of shear stresses through
the thickness of the plate. On the other hand, layerwise theories
may provide a better representation of interlaminar stresses
(continuous transverse stresses at layer interfaces) and moderate
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to severe cross-sectional warping, thus they allow to analyze the
local behavior of laminated structures when needed (e.g. modeling
damage, impact, non-linear effects), but they may be computation-
ally too expensive.

In general, the structures are subjected to mechanical load and
temperature changes both internally and externally. Then, it is
important to analyze the behavior of structural elements subjected
to mechanical or thermal loads or a combination of both. In this
sense, many authors investigated the thermo-mechanical behavior
of sandwich plates by using HSDTs with both layerwise and ESL
approaches.

Polit and Touratier [9] presented a new six-node multilayered
triangular finite element based on a HSDT to analyze the behavior
of sandwich plates under mechanical load. The theory takes into
account the interlaminar continuity of the transverse shear stres-
ses. Kant and Swaminathan [10] presented an analytical solution
for the static analysis of sandwich plates subjected to mechanical
load based on a quasi-3D HSDT with 12 unknowns. Matsunaga
[11] expanded the displacement components with power series
for the analysis of sandwich plates under thermal loads by using
a 2D HSDT. Ferreira et al. [12] presented the static analysis of sand-
wich plates under mechanical loads by using multiquadric discret-
ization and a FSDT layerwise theory. Zenkour and Alghamdi [13]
analyzed the response of FG sandwich plates subjected to thermal
load based on quasi-3D HSDT. The authors considered that the
function of the nonlinear term of the temperature field is equal
to the shape function of the displacement field. Xiang et al. [14]
studied the static behavior of sandwich plates under mechanical
loads by discretizing several HSDTs by a meshless method based
on inverse multiquadric radial basis functions. Cetkovic and
Vuksanovic [15] used a generalized layerwise theory to study the
sandwich plates under mechanical loads. This theory assumes
transverse variation of the in-plane displacement components in
terms of 1D linear Lagrangian finite elements. Shariyat [16,17] pre-
sented a linear and nonlinear bending analysis of sandwich plate
under thermomechanical loads based on generalized 3D
high-order double superposition global–local theory, respectively.
Zenkour [18] analyzed the thermal buckling of FG sandwich plates
subjected to uniform temperature rise or a graded temperature
change across the thickness. The author utilized a sinusoidal shear
deformation plate theory (SSDT) and the non-linear von Karman
strain–displacement equations. Mantari et al. [19–21] analyzed
the behavior of a sandwich plate subjected to mechanical loads
based on news HSDTs. The ESL shear deformation theory devel-
oped in [20] was extended to layerwise shear deformation theory
for the finite element analysis of sandwich plates under mechani-
cal loads in [22]. Natarajan and Manickam [23] employed a C0

8-noded quadrilateral plate element with 13 degrees of freedom
per node based on a HSDT to study the static behavior of FG sand-
wich plates. Nguyen et al. [24] presented a formulation based on
isogeometric finite element approach associated with a HSDT to
study the static and buckling behavior of sandwich plate under
mechanical loads. Thai et al. [25] also presented the static and
buckling analysis of sandwich plate under mechanical loads based
on isogeometric layerwise finite element approach. Grover et al.
[26] developed a new inverse hyperbolic shear deformation theory
for the bending and buckling analysis of sandwich plates consider-
ing a displacement field with 5 unknowns without thickness
stretching effect. Neves et al. [27] presented the static and buckling
analysis of FG sandwich plates under mechanical loads based on a
HSDT with thickness stretching effect. The authors utilized the
Carrera’s Unified Formulation (CUF) to obtain the governing
equations, then, the static and eigenvalue problems were solved
by collocation with radial basis functions. Further extension of
CUF can be seen in Refs. [28–33].
Recently, Golmakani [34] studied the large deflection analysis
of FG solid and hollow rotating axisymmetric disk with uniform
and variable thickness subjected to thermo-mechanical loading.
Torabi et al. [35] investigated the buckling analysis of a FG conical
shell integrated with piezoelectric layers that is subjected to com-
bined action of thermal and electrical loads. Malekzadeh and
Monajjemzadeh [36] studied the dynamic response of FGPs in ther-
mal environment under a moving load and elastic foundation. The
equations are derived based on the FSDT including the effects of
initial thermal stresses induced by the thermal environment. Kiani
and Eslami [37] presented an exact solution for thermal buckling of
annular FGM plates on an elastic medium. Hamidi et al. [38] devel-
oped a refined 2D shear deformation theory with four unknowns
for the bending analysis of FG sandwich plates under thermome-
chanical loads considering a nonlinear temperature field with a
polynomial function. Houari et al. [39] analyzed the sandwich
plates with functionally graded skins under thermal load by using
a HSDT with thickness stretching effect. Tounsi et al. [40] pre-
sented the bending analysis of sandwich plates with functionally
graded core based on refined shear deformation theory. The last
two papers considered a temperature field with a sine function
in the nonlinear term.

This paper presents an analytical solution of the thermoelastic
bending problem of FG sandwich plates by using a new quasi-3D
hybrid type HSDT. The displacement field contains two shear strain
shape functions, i.e. f(z) and g(z). Normally non-polynomial shear
strain shape functions, such as trigonometric, trigonometric hyper-
bolic, exponential, etc., can be used in classical HSDTs and in gen-
eral g(z) = f0(z). Therefore, in most of the formulation presented in
the literature, it is not free to choose the shear strain shape func-
tion g(z). The present generalized formulation has that freedom,
and infinite hybrid type shear deformation theories (polynomial
or non-polynomial or hybrid type) can be created just having five
unknowns, i.e. if desired g(z) can be different from f0(z). This gener-
alized quasi-3D hybrid type HSDT accounts for adequate distribu-
tion of the transverse shear stresses through the plate thickness
and tangential stress-free boundary conditions on the plate bound-
ary surface, thus a shear correction factor is not required. The non-
linear term of the temperature field can be different from the shape
functions of the displacement field. The mechanical properties of
functionally graded layers of the plate are assumed to vary in the
thickness direction according to a power law distribution in terms
of the volume fractions of the constituents. The governing equa-
tions for the thermoelastic bending analysis are obtained through
the principle of virtual works. These equations are then solved
via Navier solution. The solutions are obtained for simply sup-
ported sandwich plates subjected to a transverse thermal bi-sinu-
soidal load. The performance of the theory is verified by comparing
results with other quasi-3D HSDTs and 2D HSDTs available in
literature.
2. Analytical modeling

The mathematical model was built to solve two types of FG
sandwich plates. The sandwich plates of uniform thickness ‘‘h’’,
length ‘‘a’’, and width ‘‘b’’ are shown in Figs. 1 and 2. The rectangu-
lar Cartesian coordinate system x, y, z, has the plane z = 0, coincid-
ing with the mid-surface of the plates. The vertical positions of
bottom, the two interfaces and the top surface of the sandwich
plate are denoted by h1 = �h/2, h2, h3, h4 = h/2, respectively. The
ratio of the thickness of each layers from bottom to top is denoted
by the combination of three numbers, for example, a symmetric
sandwich plate composed of three layers of equal thickness will
have a configuration or scheme ‘‘1-1-1’’ (h2 = �h/6, h3 = h/6).



Fig. 1. Geometry of functionally graded sandwich plate A-type.

Fig. 2. Geometry of functionally graded sandwich plate B-type.
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2.1. Functionally graded sandwich plates

The material properties for the functionally graded layers vary
through the thickness with a power law distribution, which is
given below:

PðkÞðzÞ ¼ ðP
ðkÞ
t � PðkÞb ÞV

ðkÞ
ðzÞ þ PðkÞb ð1Þ

where P(k) denotes the effective material property, PðkÞt and PðkÞb

denote the property of the top and bottom faces of the functionally
graded layer, respectively, and ‘‘k’’ represent a single-layer of the
sandwich plate, i.e., k = 1, 2, 3 for the bottom, middle and top layer,
respectively. The effective material properties of the plate, including
Young’s modulus, E, and shear modulus, G, and the thermal expan-
sion coefficients, ‘‘a’’, vary according to Eq. (1). Generally, Poisson’s
ratio, ‘‘m’’, varies in a small range. For simplicity, ‘‘m’’ is assumed
constant.

The sandwich plate A-type is composed of three layers, a func-
tionally graded core and two isotropic skins as shown in Fig. 1. The
bottom skin is rich in metal and the top skin is rich in ceramic.
Therefore, the volume fraction for the ceramic phase V(k) (see
Eq. (1)) is expressed as (see Fig. 3):

V ð1ÞðzÞ ¼ 0; h1 6 z 6 h2

V ð2ÞðzÞ ¼
z� h2

h3 � h2

� �p

; h2 6 z 6 h3

V ð3ÞðzÞ ¼ 1; h3 6 z 6 h4 ð2a-cÞ

where ‘‘p’’ is the exponent that specifies the material variation pro-
file through the thickness (0 6 p 61).

The sandwich plate B-type is composed of three layers, an
isotropic core and two functionally graded skins as shown in
Fig. 2. The core is a fully ceramic layer, the bottom layer is made
of a mixture of materials from metal to ceramic and the top layer
is made of a mixture of materials from ceramic to metal. For this
case, the volume fraction for the ceramic phase V(k) is expressed
as (see Fig. 4):

V ð1ÞðzÞ ¼
z� h1

h2 � h1

� �p

; h1 6 z 6 h2

V ð2ÞðzÞ ¼ 1; h2 6 z 6 h3

V ð3ÞðzÞ ¼
z� h4

h3 � h4

� �p

; h3 6 z 6 h4

ð3a-cÞ

From the above equations can be stated that if the exponent is
equal to zero (p = 0), the layer acquires the material properties of
the top surface. Likewise, if the exponent is equal to infinity
(p =1), the layer acquires the material properties of the bottom
surface. These considerations are important when studying a
homogeneous material.

2.2. Displacement base field

The displacement field satisfying the conditions of transverse
shear stresses (and hence strains) vanishing at a point (x, y, ± h/2)
on the outer (top) and inner (bottom) surfaces of the plate, is given
as follows (see [41]):

�u ¼ uþ z y��
@wb

@x
þ q�

@h
@x
� @ws

@x

� �
þ f ðzÞ @wb

@x

�v ¼ v þ z y��
@wb

@y
þ q�

@h
@y
� @ws

@y

� �
þ f ðzÞ @wb

@y
�w ¼ wb þws þ gðzÞh

ð4a-cÞ

where u(x,y), v(x,y), wb(x,y), ws(x,y), h(x,y) are the five unknown dis-
placement functions of the middle surface of the panel, whilst
y�� ¼ y� � 1; y� ¼ �f 0 h

2

� �
and q� ¼ �g h

2

� �
. In Eq. (4a-c), the classical

term w0 is written as the sum of wb and ws to separate the term
responsible for bending and that for shear (see the subscripts);
and the in-plane higher order unknown terns are defined as a func-
tions of wb, i.e. @wb

@x ;
@wb
@y . In this paper the displacement field contains

a shape functions expressed as:

f ðzÞ ¼ h sinh
z
h

� 	
e�2 z

hð Þ
2

; gðzÞ ¼ cos
pz
h

� 	
ð5a;bÞ
2.3. Kinematic relations and constitutive relations

In the derivation of the necessary equations, small strains are
assumed (i.e., displacements and rotations are small, and obey
Hooke’s law and the elasticity theory). The linear strain expres-
sions derived from the displacement model of Eq. (4a-c), valid for
thin, moderately thick and thick plate under consideration are as
follows:

exx ¼ e0
xx þ ze1

xx þ f ðzÞe2
xx

eyy ¼ e0
yy þ ze1

yy þ f ðzÞe2
yy

ezz ¼ g0ðzÞe5
zz

eyz ¼ e0
yz þ gðzÞe3

yz þ f 0ðzÞe4
yz

exz ¼ e0
xz þ gðzÞe3

xz þ f 0ðzÞe4
xz

exy ¼ e0
xy þ ze1

xy þ f ðzÞe2
xy

ð6a-fÞ

where

e0
xx¼

@u
@x
; e1

xx¼y��
@2wb

@x2 þq�
@2h
@x2�

@2ws

@x2 ; e2
xx¼

@2wb

@x2

e0
yy¼

@v
@y
; e1

yy¼y��
@2wb

@y2 þq�
@2h
@y2�

@2ws

@y2 ; e2
yy¼

@2wb

@y2

e5
zz¼h;
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Fig. 3. Volume fraction for the ceramic phase, V(z), along the thickness of a functionally graded sandwich plate A-type for different values of the exponent ‘‘p’’ (1-2-1).
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Fig. 4. Volume fraction for the ceramic phase, V(z), along the thickness of a functionally graded sandwich plate B-type for different values of the exponent ‘‘p’’ (1-2-1).
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e0
yz¼y�

@wb

@y
þq�

@h
@y
; e3

yz¼
@h
@y
; e4

yz¼
@wb

@y

e0
xz¼y�

@wb

@x
þq�

@h
@x
; e3

xz¼
@h
@x
; e4

xz¼
@wb

@x

e0
xy¼

@v
@x
þ@u
@y
; e1

xy¼2y��
@2wb

@x@y
þ2q�

@2h
@x@y

�2
@2ws

@x@y
; e2

xy¼2
@2wb

@x@y
ð7a-pÞ

For the FG sandwich plates, the stress–strain relationships for
plane-stress state including the thermal effects can be expressed
as:

rxx

ryy

rzz

syz

sxz

sxy

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;

ðkÞ

¼

Q 11 Q 12 Q 13 0 0 0
Q 21 Q 22 Q 23 0 0 0
Q 31 Q 32 Q 33 0 0 0

0 0 0 Q 44 0 0
0 0 0 0 Q55

0 0 0 0 0 Q66

2666666664

3777777775

ðkÞ exx � aT

eyy � aT

ezz � aT

cyz

cxz

cxy

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;

ðkÞ

ð8Þ

in which, r = {rxx,ryy,rzz, syz,sxz,sxy}T and e = {exx,eyy, ezz,eyz,exz, exy}T

are the stresses and the strain vectors with respect to the plate
coordinate system; T ¼ fT; T; T; 0;0;0gT is the temperature
distribution vector. The Qij expressions in terms of engineering con-
stants are given below:

Q 11ðzÞ ¼ Q22ðzÞ ¼ Q 33ðzÞ ¼
EðzÞ
ð1� m2Þ

Q 12ðzÞ ¼ Q13ðzÞ ¼ Q 23ðzÞ ¼
EðzÞv
ð1� m2Þ

Q 44ðzÞ ¼ Q55ðzÞ ¼ Q 66ðzÞ ¼
EðzÞ

2ð1þ mÞ

ð9a-cÞ

The modulus EðzÞ;GðzÞ ¼ EðzÞ
2ð1þmÞ and the elastic coefficients Qij(z)

and the thermal expansion coefficients ‘‘a(Z)’’ vary through the
thickness according to Eq. (1).

The generalized temperature field which varies through the
thickness of the plate can be expressed as follows:

Tðx; y; zÞ ¼ T1ðx; yÞ þ
z
h

T2ðx; yÞ þ
WðzÞ

h
T3ðx; yÞ ð10Þ

where T1, T2 and T3 are thermal loads.
Note that in Eq. (10), the function of the nonlinear term is

independent of the shape functions of the displacement field (see
Eq. (4a-c)). The temperature distribution vector is given as:

T ¼ T1 þ
z
h

T2 þ
WðzÞ

h
T3 ð11Þ
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where

Tn ¼

Tn

Tn

Tn

0
0
0

2666666664

3777777775
ðn ¼ 1;2;3Þ ð12Þ

2.4. Principle of virtual works (PVW)

The PVW is used for the thermoelastic bending problem of any
plate. Also it can be used to study the considered FG sandwich
plates. The principle is expressed as:

dU þ dV ¼ 0 ð13Þ

where dU is the virtual strain energy, dV is the external virtual
works due to an external load applied to the plate. Them can be
written as:

dU¼
Z

V
rxxdexxþryydeyyþrzzdezzþsyzdcyzþsxzdcxzþsxydcxy

� 	
dV ð14Þ

dV¼�
Z

X
qd�wdX ð15Þ

In this paper only considers thermal loads, so the effect of the
mechanical load of the above equation is deleted. Finally, the
Eq. (13) is expressed as:Z h=2

�h=2

Z
X

rxxdexx þ ryydeyy þ rzzdezz þ syzdcyz þ sxzdcxz

h
"
þsxydcxy

i
dxdy

o
dz
i
¼ 0 ð16ÞZ

X
N1de0

xx þM1de1
xx þ P1de2

xx þ N2de0
yy þM2de1

yy þ P2de2
yy þ R3de5

zz

�
þN4dc0

yz þ Q 4dc3
yz þ K4dc4

yz þ N5dc0
xz þ Q 5dc3

xz þ K5dc4
xz þ N6dc0

xy

þM6dc1
xy þ P6dc2

xy

	
dxdy ¼ 0 ð17Þ

where Ni, Mi, Pi, Qi and Ki are the resultants of the following
integrations:

Ni;Mi;Pif g¼
X3

k¼1

Z hkþ1

hk

Q ðkÞij eðkÞj 1;z;f ðzÞf gdz

" #
� NT

i ;M
T
i ;P

T
i

n o
; ði¼1;2Þ

N6;M6;P6f g¼
X3

k¼1

Z zhkþ1

hk

Q ðkÞ6j e
ðkÞ
j 1;z;f ðzÞf gdz

" #
;

Nif g¼
X3

k¼1

Z zhkþ1

hk

Q ðkÞij eðkÞj dz

" #
;ði¼4;5Þ

Q i;Kif g¼
X3

k¼1

Z hkþ1

hk

Q ðkÞij eðkÞj gðzÞ;f 0ðzÞ
� �

dz

" #
; ði¼4;5Þ

Rif g¼
X3

k¼1

Z zhkþ1

hk

Q ðkÞij eðkÞj g0ðzÞdz

" #
�RT

i ; ði¼3Þ

NT
i ;M

T
i ;P

T
i

n o
¼
X3

k¼1

Z hkþ1

hk

aðkÞðzÞQ
ðkÞ
ij Tf1;z;f ðzÞgdz

" #
; ði¼1;2Þ

RT
i

n o
¼
X3

k¼1

Z hkþ1

hk

aðkÞðzÞQ
ðkÞ
ij Tg0ðzÞdz

" #
; ði¼3Þ

ð18a-gÞ

2.5. Plate governing equations

Using the generalized displacement–strain relations (Eqs. (6a-f)
and (7a-p)) and stress–strain relations (Eq. (8)), and integrating by
parts and applying the fundamental lemma of variational calculus
and collecting the coefficients of du, dv, dwb, dws, dh in Eq. (17), the
governing equations are obtained as:

du :
@N1

@x
þ @N6

@y
¼ 0

dv :
@N2

@y
þ @N6

@x
¼ 0

dwb : �y��
@2M1

@x2 þ
@2M2

@y2 þ 2
@2M6

@x@y

 !
þ y�

@N5

@x
þ @N4

@y

� �

� @
2P1

@x2 �
@2P2

@y2 � 2
@2P6

@x@y
þ @K5

@x
þ @K4

@y
¼ 0

dws :
@2M1

@x2 þ
@2M2

@y2 þ 2
@2M6

@x@y
¼ 0

dh : �q�
@2M1

@x2 þ
@2M2

@y2 þ 2
@2M6

@x@y
� @N4

@y
� @N5

@x

 !

þ @Q 4

@y
þ @Q 5

@x
� R3 ¼ 0

ð19a-eÞ

By substituting the stress–strain relations into the definitions of
force and moment resultants given in Eq. (18a-g) the following
constitutive equations are obtained:

Ni ¼ Aije0
j þ Bije1

j þ Cije2
j þDije3

j þ Eije4
j þ Fije5

j � A�ijT1

� B�ijT
�
2 � C�ijT

�
3; ði ¼ 1;2Þ

Ni ¼ Aije0
j þ Bije1

j þ Cije2
j þDije3

j þ Eije4
j þ Fije5

j ; ði ¼ 4;5;6Þ

Mi ¼ Bije0
j þ Gije1

j þHije2
j þ Iije3

j þ Jije4
j þ K 0ije

5
j � B�ijT1 �G�ijT

�
2 �H�ijT

�
3;

ði ¼ 1;2Þ

Mi ¼ Bije0
j þ Gije1

j þHije2
j þ Iije3

j þ Jije4
j ; ði ¼ 6Þ

Pi ¼ Cije0
j þHije1

j þ Lije2
j þM0

ije
3
j þN0ije

4
j þOije5

j � C��ij T1

�H��ij T�2 � L��ij T�3; ði ¼ 1;2Þ

Pi ¼ Cije0
j þHije1

j þ Lije2
j þM0

ije
3
j þN0ije

4
j þOije5

j ; ði ¼ 6Þ

Q i ¼ Dije0
j þ Iije1

j þMije2
j þ P0ije

3
j þQ 0ije

4
j þ R0ije

5
j ; ði ¼ 4;5Þ

Ki ¼ Eije0
j þ Jije1

j þN0ije
2
j þQ 0ije

3
j þ Sije4

j þ Tije5
j ; ði ¼ 4;5Þ

Ri ¼ Fije0
j þ K 0ije

1
j þOije2

j þ R0ije
3
j þ Tije4

j þUe5
j � F�ijT1 � K 0�ij T�2 �O�ijT

�
3;

ði ¼ 3Þ
ð20a-iÞ

where

ðAij;Bij;Cij;Dij; Eij; FijÞÞ ¼
X3

k¼1

Z hkþ1

hk

Q ðkÞijðzÞð1; z; f ðzÞ; gðzÞ; f
0ðzÞ; g0ðzÞÞdz

ðGij;Hij; Iij; Jij;K
0
ijÞ ¼

X3

k¼1

Z hkþ1

hk

Q ðkÞijðzÞðz
2; zf ðzÞ; zgðzÞ; zf 0ðzÞ; zg0ðzÞÞdz

ðLij;M
0
ij;N

0
ij;OijÞ ¼

X3

k¼1

Z hkþ1

hk

Q ðkÞijðzÞðf
2ðzÞ; f ðzÞgðzÞ; f ðzÞf 0ðzÞ; f ðzÞg0ðzÞÞdz

ðP0ij;Q
0
ij;R

0
ijÞ ¼

X3

k¼1

Z hkþ1

hk

Q ðkÞijðzÞðg
2ðzÞ; gðzÞf 0ðzÞ; gðzÞg0ðzÞÞdz

ðSij; TijÞ ¼
X3

k¼1

Z hkþ1

hk

Q ðkÞijðzÞðf
02ðzÞ; f 0ðzÞg0ðzÞÞdz

ðUijÞ ¼
X3

k¼1

Z hkþ1

hk

Q ðkÞijðzÞðg
02ðzÞÞdz
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ðA�ij;B
�
ij;C

�
ij; F

�
ijÞ ¼

X3

k¼1

Z hkþ1

hk

aðkÞðzÞQ
ðkÞ
ijðzÞð1; z;WðzÞ; g

0ðzÞÞdz

G�ij;H
�
ij;K

0�
ij

� 	
¼
X3

k¼1

Z hkþ1

hk

aðkÞðzÞQ
ðkÞ
ijðzÞðz

2; zWðzÞ; zg0ðzÞÞdz

ðO�ijÞ ¼
X3

k¼1

Z hkþ1

hk

aðkÞðzÞQ
ðkÞ
ijðzÞðg

0ðzÞWðzÞÞdz

ðC��ij ;H
��
ij ; L

��
ij Þ ¼

X3

k¼1

Z hkþ1

hk

aðkÞðzÞQ
ðkÞ
ijðzÞðf ðzÞ; zf ðzÞ; f ðzÞWðzÞÞdz

T�n ¼ Tn=h ðn ¼ 2;3Þ ð21a-kÞ

In what follows, the problem under consideration is solved for
the simply supported boundary conditions and they are given at
all four edges as follows:

N1 ¼ M1 ¼ P1 ¼ v ¼ wb ¼ ws ¼
@wb

@y
¼ h at x ¼ 0; a

N2 ¼ M2 ¼ P2 ¼ u ¼ wb ¼ ws ¼
@wb

@x
¼ h at y ¼ 0; b

ð22a;bÞ
3. Solution procedure

For the analytical solution of the governing Eq. (19a-e), the
Navier method, based on double Fourier series can be used consid-
ering the specified boundary conditions. Using Navier’s procedure,
the solution of the displacement variables satisfying the above
boundary conditions can be expressed in the following Fourier
series:

u x;yð Þ¼
X1
r¼1

X1
s¼1

Urs cosðkxÞsinðbyÞ; 06 x6 a; 06 y6 b ð23aÞ

v x;yð Þ¼
X1
r¼1

X1
s¼1

Vrs sinðkxÞcosðbyÞ; 06 x6 a; 06 y6 b ð23bÞ

wb x;yð Þ¼
X1
r¼1

X1
s¼1

Wb
rs sinðkxÞsinðbyÞ; 06 x6 a; 06 y6 b ð23cÞ

ws x;yð Þ¼
X1
r¼1

X1
s¼1

Ws
rs sinðkxÞsinðbyÞ; 06 x6 a; 06 y6 b ð23dÞ

h x;yð Þ¼
X1
r¼1

X1
s¼1

Hrs sinðkxÞsinðbyÞ; 06 x6 a; 06 y6 b ð23eÞ

where

k ¼ rp
a
; b ¼ sp

b
ð24Þ

The transverse thermal loads T1, T2, T3 are also expanded with
double-Fourier sine series as:

Tiðx; yÞ ¼
X1
r¼1

X1
s¼1

Ti
mn sinðkxÞ sinðbyÞ; ði ¼ 1;2;3Þ ð25Þ

where

Ti
mn ¼ bT i; for sinusoidally distributed thermal load ð26aÞ

Ti
mn ¼

16bT i

rsp2 ; for uniformly distributed thermal load ð26bÞ

From Eq. (20a-i), it can be noticed that for Ni, Mi, Pi, Qi, Ki, and Ri,

the variables depending on x and y are the strains, eb
j ðb ¼ 0; . . . ;5Þ.

Therefore, the expressions in each of the plate governing

Eq. (19a-e), for example @2Ni
@x2 ;

@2Mi
@x2 , can be expressed as follows:
@2ðNi ;MiÞ
@x2 ¼ðAij;BijÞ
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where SS = sin(kx)sin(by), SC = sin(kx)cos(by) and so for, and the
elements of the 6 � 5 matrices are the coefficients obtained after
taking the second derivation of the strains expression in the
Eq. (20a-i). As is known, the generalized strains are expressions as
a function of the 5 unknowns, described in Eqs. (4a-c) and (23a-e).

The 6 � 5 matrices associated with @2Mi
@x2 in Eq. (27), is called

M2;b
x ðb ¼ 0; . . . ;5Þ.

The symbols used in Ma;b
v are as follow: the first upper and lower

(a, v) indicates the derivative (second derivative with respect to x,
in the example), and the second upper character, b, indicates that
the derivative is associates with the strain eb

j ðb ¼ 0; . . . ;5Þ. For

example, M2;0
x is (see Eq. (27)):

M2;0
x ¼

a3 0 0 0 0
0 a2b 0 0 0
0 0 0 0 0
0 0 �y�a2b 0 �q�a2b

0 0 �y�a3 0 �q�a3

�a2b �a3 0 0 0

2666666664

3777777775
ð28Þ

In summary, substituting Eqs. (23a-e) and (25) into Eq. (19a-e),
the following equations are obtained,



Table 1
Material properties of the used FG sandwich plates.

Material Properties

E (GPa) a (�10�6/�C) m

Metal: Ti–6A1–4V 66.2 10.3 1/3
Ceramic: ZrO2 117 7.11 1/3

Table 2
Comparison of deflection w (mm) of one-layered isotropic square plates (a = b,
h = 1 m, T̂1 ¼ 0:5; T̂2 ¼ 1, T̂3 ¼ 0Þ.

Theory a/h

2 5 10 50 100

Present 0.0057 0.0406 0.1650 4.1464 16.588
Ref. [33] (LD4 (�a)) 0.0057 0.0403 0.1638 4.1154 16.464
Ref. [33] (LD4 (�c)) 0.0054 0.0398 0.1633 4.1148 16.463
Ref. [33] (LD4 (TM)) 0.0054 0.0398 0.1633 4.1148 16.463
Ref. [33] (LD2 (�a)) 0.0053 0.0399 0.1634 4.1149 16.463
Ref. [33] (LD2 (�c)) 0.0053 0.0399 0.1634 4.1149 16.463
Ref. [33] (LD2 (TM)) 0.0053 0.0399 0.1634 4.1149 16.463
Ref. [33] (FSDT (�a)) 0.0092 0.0578 0.2311 5.7785 23.114
Ref. [33] (FSDT (�c)) 0.0092 0.0578 0.2311 5.7785 23.114
Ref. [33] (FSDT (TM)) 0.0092 0.0578 0.2311 5.7785 23.114
Ref. [33] (CPT (�a)) 0.0092 0.0578 0.2311 5.7785 23.114
Ref. [33] (CPT (�c)) 0.0092 0.0578 0.2311 5.7785 23.114
Ref. [33] (CPT (TM)) 0.0092 0.0578 0.2311 5.7785 23.114
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KijDj ¼ Ff g ði; j ¼ 1; . . . . . . ;5Þ and ðKij ¼ KjiÞ ð29Þ

where Dj is the column vector of coefficients UrsVrsW
b
rsW

s
rsHrs

n o
and

fFg ¼ F1 F2 F3 F4 F5f gT is the column vector of coefficients of
the thermal load:

F1 ¼ k A�1j
bT 1 þ B�1j

bT 2

h
þ C�1j

bT 3

h

 !
Tu� �

ð30aÞ

F2 ¼ b A�2j
bT 1 þ B�2j

bT 2

h
þ C�2j

bT 3

h

 !
Tu� �

ð30bÞ

F3 ¼ y��k2 B�1j
bT 1 þ G�1j

bT 2

h
þ H�1j

bT 3

h

 !
Tu� �

þ y��b2 B�2j
bT 1 þ G�2j

bT 2

h
þ H�2j

bT 3

h

 !
Tu� �

þ k2 C��1j
bT 1 þ H��1j

bT 2

h
þ L��1j

bT 3

h

 !
Tu� �

þ b2 C��2j
bT 1 þ H��2j

bT 2

h
þ L��2j

bT 3

h

 !
Tu� �

ð30cÞ

F4 ¼ �k2 B�1j
bT 1 þ G�1j

bT 2

h
þ H�1j

bT 3

h

 !
Tu� �

� b2 B�2j
bT 1 þ G�2j

bT 2

h
þ H�2j

bT 3

h

 !
Tu� �

ð30dÞ

F5 ¼ q�k2 B�1j
bT 1 þ G�1j

bT 2

h
þ H�1j

bT 3

h

 !
Tu� �

þ q�b2 B�2j
bT 1 þ G�2j

bT 2

h
þ H�2j

bT 3

h

 !
Tu� �

� F�3j
bT 1 þ K 0�3j

bT 2

h
þ O�3j

bT 3

h

 !
Tu� �

ð30eÞ

Tu� �
¼ 1 1 1 0 0 0f gT ð30fÞ

Elements of Kij in Eq. (29) can be obtained by using the matrices
Ma;b

v . All matrices of type Ma;b
v , associated with the expressions of

the plate governing Eq. (19a-e) are given in Appendix A.

4. Numerical results and discussions

In this section the results of the thermoelastic bending
analysis of isotropic and FG sandwich plates are presented. The
present results are obtained from the present new quasi-3D
hybrid type HSDT with only 5 unknowns. The theory is formu-
lated in such way that the thickness stretching effect is taken
into account, i.e. the Koiter’s recommendation regarding stretch-
ing effect of the plate [42] is obeyed. The isotropic plates are ana-
lyzed for validation purposes, since a quasi-exact solution
(layerwise) based on CUF for this type of problem is given in
Ref. [33]. The CUF is the best framework to assess any theory
for plates. Various numerical examples for two types of FG
sandwich plates with various exponents that specify the material
variation profile through the thickness, ‘‘p’’, several aspect ratios
‘‘a/b’’ and different sandwich schemes are presented. Typical
mechanical properties for metal and ceramics used in the numer-
ical examples are listed in Table 1. The simply supported FG
sandwich plates are subjected to a bi-sinusoidal thermal load.
All results were obtained considering a side-to-thickness ratio
a/h = 10. In this paper, the following dimensionless relations for
the deflection and stresses of thermoelastic bending problem
are used:
�w ¼ h

a0
bT 2a2

w
a
2
;
b
2

� �
; �rxx ¼

h2

a0
bT 2E0a2

rxx
a
2
;
b
2
;
h
2

� �
;

�sxz ¼
10h

a0
bT 2E0a

sxz 0;
b
2
;0

� �
E0 ¼ 1 GPa; a0 ¼ 10�6 �C�1

ð31Þ
4.1. Isotropic plate

The deflection w and in-plane displacement u of one-layered
isotropic square plates for several side-to-thickness ratios ‘‘a/h’’
are given in Tables 2 and 3, respectively. The considered plates,
with total thickness h = 1 m, are simply supported. The plates are
made of Al2024 with Young’s modulus E = 73 GPa, Poisson’s ratio
m = 0.3 and thermal expansion coefficient a = 25 � 10�6 1/K. The
isotropic plate is subjected to a temperature distribution that var-
ies linearly across the thickness from bT top ¼ 1 to bT bottom ¼ 0. The
present results are compared with solutions of several theories
based on CUF [33]. From Table 2 it can be seen that the results of
the deflection (mm) are lower than those predicted by the classical
theories, such as FSDT and classical plate theory (CPT). However,
the results show good agreement with the HSDTs that considered
a thermo-mechanical analysis both partially and fully coupled. In
Table 3 can be noted that the in plane displacements (mm)
obtained by the present theory (in absolute value) overpredicts
the results based on HSDTs in all cases. In Tables 2 and 3 it can
be seen that the present results are close to the reference solutions
for thick plates. For more details on the thermo-mechanical analy-
sis of one-layered plates (the identification of acronyms that define
various refined 2D models used in the abovementioned tables, the
definition of the Qij expressions, etc.) is recommended to review
the interesting work of Brischetto and Carrera [33].
4.2. FG sandwich plate A-type

Table 4 presents results of non-dimensional deflections �w of FG
sandwich square plates for various sandwich schemes and



Table 3
Comparison of in-plane displacement u (mm) of one-layered isotropic square plates
(a = b, h = 1 m, T̂1 ¼ 0:5; T̂2 ¼ 1; T̂3 ¼ 0Þ.

Theory a/h

2 5 10 50 100

Present �0.0131 �0.0317 �0.0631 �0.3150 �0.6301
Ref. [33] (LD4 (�a)) �0.0125 �0.0269 �0.0522 �0.2587 �0.5173
Ref. [33] (LD4 (�c)) �0.0119 �0.0267 �0.0521 �0.2587 �0.5173
Ref. [33] (LD4 (TM)) �0.0103 �0.0259 �0.0517 �0.2586 �0.5172
Ref. [33] (LD2 (�a)) �0.0121 �0.0267 �0.0522 �0.2587 �0.5173
Ref. [33] (LD2 (�c)) �0.0107 �0.0259 �0.0517 �0.2586 �0.5172
Ref. [33] (LD2 (TM)) �0.0106 �0.0259 �0.0517 �0.2586 �0.5172
Ref. [33] (FSDT (�a)) �0.0145 �0.0363 �0.0726 �0.3631 �0.7261
Ref. [33] (FSDT (�c)) �0.0145 �0.0363 �0.0726 �0.3631 �0.7261
Ref. [33] (FSDT (TM)) �0.0145 �0.0363 �0.0726 �0.3631 �0.7261
Ref. [33] (CPT (�a)) �0.0145 �0.0363 �0.0726 �0.3631 �0.7261
Ref. [33] (CPT (�c)) �0.0145 �0.0363 �0.0726 �0.3631 �0.7261
Ref. [33] (CPT (TM)) �0.0145 �0.0363 �0.0726 �0.3631 �0.7261
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exponents ‘‘p’’. The sandwich plate is subjected to a linear temper-
ature distribution through the thickness (bT 3 ¼ 0Þ. The present
results are compared with solutions based on a refined HSDT [40]
and HSDTs proposed by Reddy [43] (TSDT), Touratier [44] (SSDT)
and Karama [45,46] (ESDT) which were reproduced by Tounsi
et al. [40]. From this table it can be seen that the present results
are lower than the other solutions proposed for comparison. The
non-dimensional deflection increases as the exponent ‘‘p’’
increases. However, this effect decreases for higher values of the
exponent ‘‘p’’. Table 5 presents results of non-dimensional deflec-
tions �w of FG sandwich plates for different values of aspect ratio
‘‘a/b’’ and several sandwich schemes, considering an exponent
p = 3. The sandwich plate is subjected to a linear temperature distri-
bution through the thickness (bT 3 ¼ 0Þ. The results are compared
Table 4
Comparison of non-dimensional deflection �w of FG sandwich square plates A-type (a/h = 1

p Theory �w

1-2-2 1-1

0 Tounsi et al. [40] (ez = 0) 0.544640 0.56
SSDT (ez = 0) 0.544640 0.56
TSDT (ez = 0) 0.544619 0.56
ESDT (ez = 0) 0.544662 0.56
Present(ez – 0) 0.526933 0.55

1 Tounsi et al. [40] (ez = 0) 0.573055 0.57
SSDT (ez = 0) 0.573055 0.57
TSDT (ez = 0) 0.573054 0.57
ESDT (ez = 0) 0.573056 0.57
Present(ez – 0) 0.556137 0.56

2 Tounsi et al. [40] (ez = 0) 0.577551 0.58
SSDT (ez = 0) 0.577551 0.58
TSDT (ez = 0) 0.577555 0.58
ESDT (ez = 0) 0.577547 0.58
Present(ez – 0) 0.561155 0.56

3 Tounsi et al. [40] (ez = 0) 0.578976 0.58
SSDT (ez = 0) 0.578976 0.58
TSDT (ez = 0) 0.578982 0.58
ESDT (ez = 0) 0.578970 0.58
Present(ez – 0) 0.562797 0.56

4 Tounsi et al. [40] (ez = 0) 0.579572 0.58
SSDT (ez = 0) 0.579572 0.58
TSDT (ez = 0) 0.579579 0.58
ESDT (ez = 0) 0.579565 0.58
Present(ez – 0) 0.563490 0.56

5 Tounsi et al. [40] (ez = 0) 0.579865 0.58
SSDT (ez = 0) 0.579865 0.58
TSDT (ez = 0) 0.579872 0.58
ESDT (ez = 0) 0.579858 0.58
Present(ez – 0) 0.563830 0.56
with HSDTs as in Table 4. For aspect ratios a/b P 3, the present
results are higher than the other results. However, for aspect ratios
a/b < 3 the opposite occurs. The value of the non-dimensional
deflection decreases as the aspect ratio ‘‘a/b’’ increases. From Tables
4 and 5 it can be noticed that the stretching effect decreases the
deflection results for aspect ratios a/b < 3. The aspect ratio ‘‘a/b’’
has a higher influence on the results than the exponent ‘‘p’’.

The results of non-dimensional axial stresses �rxx of FG sand-
wich square plates for several values of exponent ‘‘p’’ and different
sandwich schemes are presented in Table 6. The sandwich plate is
subjected to a linear temperature distribution through the thick-
ness (bT 3 ¼ 0Þ. Table 6 presents results that are higher (in absolute
value) than the other solutions due to the influence of the thick-
ness stretching effect. The last column presents lower axial stress
results because the sandwich scheme is rich in metal. For a given
sandwich scheme, the axial stresses do not follow a specific pattern
with respect to the exponent ‘‘p’’, in some cases increases (see
‘‘2-1-2’’) and in others the reverse is true (see ‘‘1-1-1’’).

Table 7 presents results of non-dimensional transverse shear
stresses �sxz of FG sandwich square plates for several values of expo-
nent ‘‘p’’ and different sandwich schemes. The results are com-
pared with several HSDTs as mentioned previously. The
sandwich plate is subjected to a distribution of both linear and
nonlinear temperature (bT 3 ¼ �100Þ. Note that this table was pre-
pared by considering that the function of the nonlinear tempera-
ture distribution is equal to shear strain shape function of the
displacement field, i.e., f(z) = W(z). It can be noticed that the results
of all theories are different, except the solutions of the SSDT and
refined shear deformation theory proposed by Tounsi et al. [40].
The reason is in the utilized sinusoidal shear strain shape func-
tions. This difference in results can be attributed to the nonlinear
term of the temperature field. Consequently, attention must be
taken when further studies are carried out.
0, T̂1 ¼ T̂3 ¼ 0, T̂2 ¼ 100Þ.

-1 1-2-1 2-1-2 2-2-1

9801 0.556060 0.576238 0.576238
9801 0.556060 0.576238 0.576238
9796 0.556044 0.576240 0.576240
9807 0.556076 0.576236 0.576236
2626 0.538460 0.559624 0.559624

8804 0.577909 0.579503 0.582578
8804 0.577909 0.579503 0.582578
8809 0.577914 0.579510 0.582593
8797 0.577903 0.579497 0.582564
2367 0.560767 0.563428 0.564971

0037 0.580945 0.580018 0.584582
0037 0.580945 0.580018 0.584582
0045 0.580957 0.580025 0.584601
0028 0.580933 0.580010 0.584562
3652 0.563663 0.564029 0.566078

0412 0.581997 0.580181 0.585807
0412 0.581997 0.580181 0.585807
0421 0.582011 0.580188 0.585829
0402 0.581982 0.580173 0.585783
3961 0.564439 0.564202 0.566687

0574 0.582554 0.580249 0.586680
0574 0.582554 0.580249 0.586680
0584 0.582570 0.580257 0.586705
0564 0.582537 0.580241 0.586655
4044 0.564738 0.564263 0.567126

0663 0.582925 0.580282 0.587346
0663 0.582925 0.580282 0.587346
0673 0.582942 0.580290 0.587373
0652 0.582907 0.580274 0.587319
4059 0.564891 0.564285 0.567472



Table 5
Comparison of non-dimensional deflection �wof FG sandwich rectangular plates A-type (p = 3, a/h = 10, T̂1 ¼ T̂3 ¼ 0; T̂2 ¼ 100Þ.

Scheme Theory �w

a/b = 1 a/b = 2 a/b = 3 a/b = 4 a/b = 5

1-2-2 Tounsi et al. [40] (ez = 0) 0.578976 0.231560 0.115754 0.068070 0.044490
SSDT (ez = 0) 0.578976 0.231560 0.115754 0.068070 0.044490
TSDT (ez = 0) 0.578982 0.231566 0.115760 0.068076 0.044495
ESDT (ez = 0) 0.578970 0.231554 0.115749 0.068064 0.044484
Present(ez – 0) 0.562797 0.231291 0.120773 0.075245 0.052706

1-1-1 Tounsi et al. [40] (ez = 0) 0.580412 0.232119 0.116022 0.068217 0.044578
SSDT (ez = 0) 0.580412 0.232119 0.116022 0.068217 0.044578
TSDT (ez = 0) 0.580421 0.232128 0.116031 0.068226 0.044587
ESDT (ez = 0) 0.580402 0.232109 0.116012 0.068208 0.044568
Present(ez – 0) 0.563961 0.231781 0.121037 0.075412 0.052822

1-2-1 Tounsi et al. [40] (ez = 0) 0.581997 0.232730 0.116309 0.068370 0.044665
SSDT (ez = 0) 0.581997 0.232730 0.116309 0.068370 0.044665
TSDT (ez = 0) 0.582011 0.232745 0.116323 0.068384 0.044679
ESDT (ez = 0) 0.581982 0.232716 0.116294 0.068356 0.044651
Present(ez – 0) 0.564439 0.232005 0.121174 0.075513 0.052903

2-1-2 Tounsi et al. [40] (ez = 0) 0.580181 0.232033 0.115985 0.068200 0.044570
SSDT (ez = 0) 0.580181 0.232033 0.115985 0.068200 0.044570
TSDT (ez = 0) 0.580188 0.232041 0.115992 0.068207 0.044578
ESDT (ez = 0) 0.580173 0.232026 0.115977 0.068192 0.044563
Present(ez – 0) 0.564202 0.231859 0.121061 0.075416 0.052816

2-2-1 Tounsi et al. [40] (ez = 0) 0.585807 0.234213 0.117015 0.068757 0.044894
SSDT (ez = 0) 0.585807 0.234213 0.117015 0.068757 0.044894
TSDT (ez = 0) 0.585829 0.234235 0.117037 0.068780 0.044916
ESDT (ez = 0) 0.585783 0.234189 0.116992 0.068734 0.044872
Present(ez – 0) 0.566687 0.232955 0.121690 0.075847 0.053145

Table 6
Comparison of non-dimensional axial stress �rxx of FG sandwich square plates A-type (a/h = 10, T̂1 ¼ T̂3 ¼ 0; T̂2 ¼ 100Þ.

p Theory �rxx

1-2-2 1-1-1 1-2-1 2-1-2 2-2-1

0 Tounsi et al. [40] (ez = 0) �1.750776 �1.666252 �1.706108 �1.659815 �1.659815
SSDT (ez = 0) �1.750776 �1.666252 �1.706108 �1.659815 �1.659815
TSDT (ez = 0) �1.750827 �1.666262 �1.706145 �1.659810 �1.659810
ESDT (ez = 0) �1.750721 �1.666239 �1.706067 �1.659822 �1.659822
Present(ez – 0) �1.854358 �1.728376 �1.789407 �1.716376 �1.716376

1 Tounsi et al. [40] (ez = 0) �1.674484 �1.664562 �1.650243 �1.670106 �1.619835
SSDT (ez = 0) �1.674484 �1.664562 �1.650243 �1.670106 �1.619835
TSDT (ez = 0) �1.674486 �1.664548 �1.650230 �1.670091 �1.619803
ESDT (ez = 0) �1.674482 �1.664577 �1.650258 �1.670123 �1.619870
Present(ez – 0) �1.737710 �1.720419 �1.700455 �1.728314 �1.654704

2 Tounsi et al. [40] (ez = 0) �1.670218 �1.665247 �1.638341 �1.673313 �1.591812
SSDT (ez = 0) �1.670218 �1.665247 �1.638341 �1.673313 �1.591812
TSDT (ez = 0) �1.670208 �1.665228 �1.638316 �1.673296 �1.591770
ESDT (ez = 0) �1.670228 �1.665268 �1.638370 �1.673332 �1.591860
Present(ez – 0) �1.729426 �1.719839 �1.680872 �1.732050 �1.612327

3 Tounsi et al. [40] (ez = 0) �1.670990 �1.664984 �1.630191 �1.674783 �1.572299
SSDT (ez = 0) �1.670990 �1.664984 �1.630191 �1.674783 �1.572299
TSDT (ez = 0) �1.670977 �1.664963 �1.630160 �1.674766 �1.572250
ESDT (ez = 0) �1.671005 �1.665007 �1.630226 �1.674803 �1.572353
Present(ez – 0) �1.729593 �1.718533 �1.667695 �1.733664 �1.582788

4 Tounsi et al. [40] (ez = 0) �1.672177 �1.664402 �1.623673 �1.675585 �1.558042
SSDT (ez = 0) �1.672177 �1.664402 �1.623673 �1.675585 �1.558042
TSDT (ez = 0) �1.672161 �1.664380 �1.623639 �1.675567 �1.557989
ESDT (ez = 0) �1.672194 �1.664427 �1.623712 �1.675605 �1.558100
Present(ez – 0) �1.730754 �1.717034 �1.657248 �1.734479 �1.561206

5 Tounsi et al. [40] (ez = 0) �1.673181 �1.663752 �1.618307 �1.676071 �1.547192
SSDT (ez = 0) �1.673181 �1.663752 �1.618307 �1.676071 �1.547192
TSDT (ez = 0) �1.673165 �1.663729 �1.618270 �1.676053 �1.547136
ESDT (ez = 0) �1.673199 �1.663777 �1.618349 �1.676091 �1.547254
Present(ez – 0) �1.731829 �1.715591 �1.648682 �1.734929 �1.544796
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4.3. FG sandwich plate B-type

The results of non-dimensional deflections �w of FG sandwich
square plates for several values of exponent ‘‘p’’ and different
sandwich schemes are presented in Table 8. The sandwich plate
is subjected to a linear temperature distribution through the thick-
ness (bT 3 ¼ 0Þ. The results are compared with analytical results
based on TSDT and HSDTs with thickness stretching effect



Table 7
Comparison of non-dimensional shear stress �sxz of FG sandwich square plates A-type (a/h = 10, T̂1 ¼ 0; T̂2 ¼ 100; T̂3 ¼ �100, f(z) = W(z)).

p Theory �sxz

1-2-2 1-1-1 1-2-1 2-1-2 2-2-1

0 Tounsi et al. [40] (ez = 0) 0.634840 0.593473 0.618198 0.593749 0.593749
SSDT (ez = 0) 0.634840 0.593473 0.618198 0.593749 0.593749
TSDT (ez = 0) 0.512863 0.483594 0.500740 0.485205 0.485205
ESDT (ez = 0) 0.711266 0.717537 0.752081 0.715644 0.715644
Present(ez – 0) 1.030120 0.968793 1.005739 0.971823 0.971823

1 Tounsi et al. [40] (ez = 0) 0.556468 0.506552 0.510904 0.503367 0.462590
SSDT (ez = 0) 0.556468 0.506552 0.510904 0.503367 0.462590
TSDT (ez = 0) 0.452706 0.412275 0.415599 0.409890 0.376218
ESDT (ez = 0) 0.673909 0.613190 0.618781 0.609017 0.560375
Present(ez – 0) 0.911134 0.833192 0.839726 0.828390 0.763771

2 Tounsi et al. [40] (ez = 0) 0.515247 0.457581 0.463304 0.448325 0.425693
SSDT (ez = 0) 0.515247 0.457581 0.463304 0.448325 0.425693
TSDT (ez = 0) 0.419431 0.371598 0.376435 0.364374 0.345855
ESDT (ez = 0) 0.623600 0.555218 0.561816 0.543545 0.516221
Present(ez – 0) 0.846399 0.754851 0.764361 0.739280 0.704632

3 Tounsi et al. [40] (ez = 0) 0.485538 0.432335 0.439671 0.419756 0.417906
SSDT (ez = 0) 0.485538 0.432335 0.439671 0.419756 0.417906
TSDT (ez = 0) 0.395048 0.350601 0.356867 0.340784 0.339606
ESDT (ez = 0) 0.587968 0.525380 0.533729 0.509509 0.506632
Present(ez – 0) 0.799046 0.714227 0.726674 0.692856 0.692412

4 Tounsi et al. [40] (ez = 0) 0.462874 0.420409 0.428492 0.405887 0.416720
SSDT (ez = 0) 0.462874 0.420409 0.428492 0.405887 0.416720
TSDT (ez = 0) 0.376357 0.340633 0.347598 0.329301 0.338828
ESDT (ez = 0) 0.560929 0.511364 0.520457 0.493037 0.504883
Present(ez – 0) 0.762630 0.695081 0.708860 0.670349 0.690747

5 Tounsi et al. [40] (ez = 0) 0.445532 0.415369 0.423636 0.399587 0.416587
SSDT (ez = 0) 0.445532 0.415369 0.423636 0.399587 0.416587
TSDT (ez = 0) 0.362034 0.336364 0.343575 0.324042 0.338917
ESDT (ez = 0) 0.540270 0.505531 0.514681 0.485623 0.504398
Present(ez – 0) 0.734637 0.687080 0.701195 0.660188 0.690685

Table 8
Comparison of non-dimensional deflection �wof FG sandwich square plates B-type (a/h = 10, T̂1 ¼ T̂3 ¼ 0, T̂2 ¼ 100Þ.

p Theory �w

1-0-1 1-1-1 1-2-1 2-1-2 2-2-1

0 Houri et al. [39] (ez – 0) 0.461634 0.461634 0.461634 0.461634 0.461634
Zenkour et al. [13] (ez – 0) 0.461634 0.461634 0.461634 0.461634 0.461634
Zenkour et al. [13] (ez = 0) 0.480262 0.480262 0.480262 0.480262 0.480262
TSDT (ez = 0) 0.480262 0.480262 0.480262 0.480262 0.480262
Present(ez – 0) 0.461622 0.461622 0.461622 0.461622 0.461622

1 Houri et al. [39] (ez – 0) 0.614565 0.586124 0.563416 0.599933 0.573327
Zenkour et al. [13] (ez – 0) 0.614565 0.586124 0.563416 0.599933 0.573327
Zenkour et al. [13] (ez = 0) 0.636916 0.606292 0.582342 0.621098 0.592604
TSDT (ez = 0) 0.636891 0.606256 0.582302 0.621067 0.592568
Present(ez – 0) 0.614549 0.586131 0.563439 0.599926 0.573338

2 Houri et al. [39] (ez – 0) 0.647135 0.618046 0.590491 0.633340 0.601843
Zenkour et al. [13] (ez – 0) 0.647135 0.618046 0.590491 0.633340 0.601843
Zenkour et al. [13] (ez = 0) 0.671503 0.639361 0.609875 0.656142 0.621581
TSDT (ez = 0) 0.671486 0.639325 0.609829 0.656115 0.621544
Present(ez – 0) 0.647094 0.618037 0.590512 0.633310 0.601847

3 Houri et al. [39] (ez – 0) 0.658153 0.631600 0.602744 0.646475 0.614121
Zenkour et al. [13] (ez – 0) 0.658153 0.631600 0.602744 0.646475 0.614121
Zenkour et al. [13] (ez = 0) 0.683572 0.653671 0.622467 0.670275 0.634175
TSDT (ez = 0) 0.683560 0.653638 0.622420 0.670253 0.634139
Present(ez – 0) 0.658099 0.631579 0.602760 0.646428 0.614117

4 Houri et al. [39] (ez – 0) 0.662811 0.638705 0.609560 0.652890 0.620663
Zenkour et al. [13] (ez – 0) 0.662811 0.638705 0.609560 0.652890 0.620663
Zenkour et al. [13] (ez = 0) 0.688803 0.661291 0.629533 0.677321 0.640940
TSDT (ez = 0) 0.688795 0.661260 0.629487 0.677303 0.640905
Present(ez – 0) 0.662751 0.638674 0.609573 0.652833 0.620653

5 Houri et al. [39] (ez – 0) 0.665096 0.642948 0.613842 0.656490 0.624629
Zenkour et al. [13] (ez – 0) 0.665096 0.642948 0.613842 0.656490 0.624629
Zenkour et al. [13] (ez = 0) 0.691420 0.665898 0.634003 0.681343 0.645070
TSDT (ez = 0) 0.691415 0.665869 0.633958 0.681327 0.645036
Present(ez – 0) 0.665035 0.642909 0.613851 0.656425 0.624615
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Table 9
Comparison of non-dimensional deflection �wof FG sandwich rectangular plates B-type (p = 3, a/h = 10, T̂1 ¼ T̂3 ¼ 0; T̂2 ¼ 100Þ.

Scheme Theory �w

a/b = 1 a/b = 2 a/b = 3 a/b = 4 a/b = 5

1-0-1 Houri et al. [39] (ez – 0) 0.658153 0.270902 0.141810 0.088642 0.062334
Zenkour et al. [13] (ez – 0) 0.658153 0.270902 0.141810 0.088642 0.062334
Zenkour et al. [13] (ez = 0) 0.683572 0.273492 0.136798 0.080512 0.052678
TSDT (ez = 0) 0.683560 0.273480 0.136786 0.080501 0.052667
Present(ez – 0) 0.658099 0.270846 0.141751 0.088579 0.062266

1-1-1 Houri et al. [39] (ez – 0) 0.631600 0.259980 0.136105 0.085094 0.059862
Zenkour et al. [13] (ez – 0) 0.631600 0.259980 0.136105 0.085094 0.059862
Zenkour et al. [13] (ez = 0) 0.653671 0.261647 0.130971 0.077163 0.050554
TSDT (ez = 0) 0.653638 0.261614 0.130939 0.077131 0.050522
Present(ez – 0) 0.631579 0.259958 0.136081 0.085067 0.059830

1-2-1 Houri et al. [39] (ez – 0) 0.602744 0.248135 0.129933 0.081262 0.057192
Zenkour et al. [13] (ez – 0) 0.602744 0.248135 0.129933 0.081262 0.057192
Zenkour et al. [13] (ez = 0) 0.622467 0.249245 0.124837 0.073610 0.048277
TSDT (ez = 0) 0.622420 0.249199 0.124791 0.073564 0.048231
Present(ez – 0) 0.602760 0.248150 0.129947 0.081273 0.057199

2-1-2 Houri et al. [39] (ez – 0) 0.646475 0.266094 0.139295 0.087077 0.061244
Zenkour et al. [13] (ez – 0) 0.646475 0.266094 0.139295 0.087077 0.061244
Zenkour et al. [13] (ez = 0) 0.670275 0.268228 0.134212 0.079029 0.051740
TSDT (ez = 0) 0.670253 0.268206 0.134190 0.079007 0.051718
Present(ez – 0) 0.646428 0.266046 0.139245 0.087023 0.061185

2-2-1 Houri et al. [39] (ez – 0) 0.614121 0.252758 0.132303 0.082701 0.058168
Zenkour et al. [13] (ez – 0) 0.614121 0.252758 0.132303 0.082701 0.058168
Zenkour et al. [13] (ez = 0) 0.634175 0.253878 0.127112 0.074914 0.049101
TSDT (ez = 0) 0.634139 0.253843 0.127077 0.074879 0.049066
Present(ez – 0) 0.614117 0.252753 0.132296 0.082691 0.058153

Table 10
Comparison of non-dimensional axial stress �rxx of FG sandwich square plates B-type (a/h = 10, T̂1 ¼ T̂3 ¼ 0; T̂2 ¼ 100).

p Theory �rxx

1-0-1 1-1-1 1-2-1 2-1-2 2-2-1

0 Houri et al. [39] (ez – 0) �2.286893 �2.286893 �2.286893 �2.286893 �2.286893
Zenkour et al. [13] (ez – 0) �2.286893 �2.286893 �2.286893 �2.286893 �2.286893
Zenkour et al. [13] (ez = 0) �2.079675 �2.079675 �2.079675 �2.079675 �2.079675
TSDT (ez = 0) �2.079675 �2.079675 �2.079675 �2.079675 �2.079675
Present(ez – 0) �2.286222 �2.286222 �2.286222 �2.286222 �2.286222

1 Houri et al. [39] (ez – 0) �2.277311 �2.482321 �2.639491 �2.383671 �2.653105
Zenkour et al. [13] (ez – 0) �2.277311 �2.482321 �2.639491 �2.383671 �2.653105
Zenkour et al. [13] (ez = 0) �1.993885 �2.144369 �2.261939 �0.071622 �2.276155
TSDT (ez = 0) �1.993921 �2.144422 �2.262000 �2.071668 �2.276209
Present(ez – 0) �2.276742 �2.481734 �2.638904 �2.383093 �2.652525

2 Houri et al. [39] (ez – 0) �2.047272 �2.268798 �2.465763 �2.154066 �2.492766
Zenkour et al. [13] (ez – 0) �2.047272 �2.268798 �2.465763 �2.154066 �2.492766
Zenkour et al. [13] (ez = 0) �1.824065 �1.982233 �2.127124 �1.899672 �2.152815
TSDT (ez = 0) �1.824089 �1.982285 �2.127193 �1.899711 �2.152872
Present(ez – 0) �2.046711 �2.268188 �2.465132 �2.153483 �2.492151

3 Houri et al. [39] (ez – 0) �1.963621 �2.173723 �2.384720 �2.058212 �2.421808
Zenkour et al. [13] (ez – 0) �1.963621 �2.173723 �2.384720 �2.058212 �2.421808
Zenkour et al. [13] (ez = 0) �1.764689 �1.911970 �2.065398 �1.830216 �2.099241
TSDT (ez = 0) �1.764705 �1.912017 �2.065467 �1.830246 �2.099296
Present(ez – 0) �1.963079 �2.173117 �2.384077 �2.057645 �2.421185

4 Houri et al. [39] (ez – 0) �1.926265 �2.122027 �2.338550 �2.009198 �2.383070
Zenkour et al. [13] (ez – 0) �1.926265 �2.122027 �2.338550 �2.009198 �2.383070
Zenkour et al. [13] (ez = 0) �1.738915 �1.874521 �2.030732 �1.795543 �2.070371
TSDT (ez = 0) �1.738925 �1.874564 �2.030800 �1.795568 �2.070424
Present(ez – 0) �1.925736 �2.121431 �2.337904 �2.008641 �2.382442

5 Houri et al. [39] (ez – 0) �1.907167 �2.090296 �2.309021 �1.980712 �2.359110
Zenkour et al. [13] (ez – 0) �1.907167 �2.090296 �2.309021 �1.980712 �2.359110
Zenkour et al. [13] (ez = 0) �1.726003 �1.851867 �2.008794 �1.775738 �2.052671
TSDT (ez = 0) �1.726010 �1.851906 �2.008861 �1.775759 �2.052722
Present(ez – 0) �1.906639 �2.089707 �2.308375 �1.980171 �2.358484
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proposed by Zenkour and Alghamdi [13] and Houari et al. [39].
From this table can be said that the present results show excellent
agreement with other HSDTs with thickness stretching effect
[13,39]. From Table 8 can be noticed the influence of the thickness
stretching effect, i.e. all the results are below the classical HSDTs
without thickness stretching effect. The non-dimensional



Table 11
Comparison of non-dimensional shear stress �sxz of FG sandwich square plates B-type (a/h = 10, T̂1 ¼ 0; T̂2 ¼ 100; T̂3 ¼ �100, W(z) = (h/p) sin(pz/h)).

p Theory �sxz

1-0-1 1-1-1 1-2-1 2-1-2 2-2-1

0 SSDT (ez = 0) 0.574063 0.574063 0.574063 0.574063 0.574063
TSDT (ez = 0) 0.500755 0.500754 0.500756 0.500755 0.500755
ESDT (ez = 0) 0.652973 0.652968 0.652974 0.652974 0.652974
Present(ez – 0) 0.935581 0.935575 0.935582 0.935581 0.935582

1 SSDT (ez = 0) 0.696774 0.694817 0.705270 0.689077 0.697901
TSDT (ez = 0) 0.610819 0.608191 0.616563 0.603833 0.610784
ESDT (ez = 0) 0.788591 0.787704 0.800620 0.780259 0.791324
Present(ez – 0) 1.113178 1.104483 1.118084 1.097516 1.108004

2 SSDT (ez = 0) 0.696044 0.689620 0.711266 0.679194 0.699571
TSDT (ez = 0) 0.611291 0.604406 0.621976 0.596351 0.612794
ESDT (ez = 0) 0.786235 0.780821 0.807255 0.767484 0.792494
Present(ez – 0) 1.116100 1.097021 1.126337 1.083845 1.110129

3 SSDT (ez = 0) 0.697635 0.681516 0.710627 0.669256 0.696850
TSDT (ez = 0) 0.613193 0.597865 0.621613 0.588429 0.610801
ESDT (ez = 0) 0.787282 0.770848 0.806292 0.755146 0.788879
Present(ez – 0) 1.121996 1.085657 1.125663 1.070193 1.106545

4 SSDT (ez = 0) 0.702617 0.674664 0.708782 0.662291 0.694226
TSDT (ez = 0) 0.617736 0.592304 0.620163 0.582918 0.608798
ESDT (ez = 0) 0.792637 0.762536 0.803995 0.746567 0.785561
Present(ez – 0) 1.132314 1.076034 1.123274 1.060707 1.103159

5 SSDT (ez = 0) 0.709315 0.669326 0.706821 0.657748 0.692220
TSDT (ez = 0) 0.623594 0.587945 0.618581 0.579263 0.607206
ESDT (ez = 0) 0.800201 0.756055 0.801603 0.740835 0.782997
Present(ez – 0) 1.144742 1.068461 1.120660 1.054447 1.100541

Table 12
Comparison of non-dimensional shear stress �sxz of FG sandwich square plates B-type (a/h = 10, T̂1 ¼ 0; T̂2 ¼ 100; T̂3 ¼ �100, W(z) = z(1 � (4/3)(z/h)2)).

p Theory �sxz

1-0-1 1-1-1 1-2-1 2-1-2 2-2-1

0 SSDT (ez = 0) 0.534052 0.534051 0.534053 0.534052 0.534052
TSDT (ez = 0) 0.466349 0.466349 0.466349 0.466349 0.466349
ESDT (ez = 0) 0.606835 0.606843 0.606847 0.606847 0.606847
Present(ez – 0) 0.863015 0.863017 0.863022 0.863014 0.863018

1 SSDT (ez = 0) 0.642807 0.639130 0.647939 0.634648 0.641868
TSDT (ez = 0) 0.564059 0.559957 0.566925 0.556662 0.562231
ESDT (ez = 0) 0.726840 0.723949 0.734947 0.717989 0.727194
Present(ez – 0) 1.019997 1.009700 1.021192 1.004311 1.012863

2 SSDT (ez = 0) 0.643680 0.634641 0.653016 0.626415 0.643355
TSDT (ez = 0) 0.565881 0.556769 0.571546 0.550567 0.564062
ESDT (ez = 0) 0.726352 0.717903 0.740512 0.707159 0.728181
Present(ez – 0) 1.024605 1.003182 1.028106 0.992852 1.014690

3 SSDT (ez = 0) 0.646333 0.627679 0.652527 0.618097 0.641156
TSDT (ez = 0) 0.568711 0.551237 0.571319 0.544027 0.562514
ESDT (ez = 0) 0.728634 0.709285 0.739720 0.696719 0.725184
Present(ez – 0) 1.031528 0.993430 1.027607 0.981414 1.011794

4 SSDT (ez = 0) 0.651739 0.621793 0.650969 0.612345 0.639036
TSDT (ez = 0) 0.573625 0.546463 0.570117 0.539446 0.560893
ESDT (ez = 0) 0.734471 0.702079 0.737753 0.689496 0.722427
Present(ez – 0) 1.042022 0.985132 1.025595 0.973508 1.009040

5 SSDT (ez = 0) 0.658483 0.617183 0.649285 0.608552 0.637373
TSDT (ez = 0) 0.579530 0.542724 0.568771 0.536526 0.559642
ESDT (ez = 0) 0.742073 0.696448 0.735680 0.684707 0.720296
Present(ez – 0) 1.054138 0.978585 1.023354 0.968338 1.006908
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deflection increases as the exponent increases. Because this pat-
tern holds for both types of sandwich plates with different
schemes, it can be said that this behavior holds true for general
FG sandwich plates.

Table 9 presents results of non-dimensional deflections �w of FG
sandwich plates for different values of aspect ratio ‘‘a/b’’ and several
sandwich schemes, considering an exponent p = 3. As before, the
sandwich plate is subjected to a linear temperature distribution
through the thickness (bT 3 ¼ 0Þ. The results are compared with
several HSDTs as in Table 8. The results of the present theory show
excellent agreement with other theories with thickness stretching
effect, as expected. Again, it can be seen that the aspect ratio
‘‘a/b’’ is more influential on the deflection than the exponent ‘‘p’’.
For the same sandwich scheme, the sandwich plate B-type has
higher deflection than the sandwich plate A-type except for the
exponent p = 0 (see Tables 4, 5, 8 and 9).

Results of non-dimensional axial stresses �rxx of FG sandwich
square plates for several values of exponent ‘‘p’’ and different
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sandwich schemes are presented in Table 10. The sandwich plate is
subjected to a linear temperature distribution through the thick-

ness (bT 3 ¼ 0Þ. The present results show an excellent agreement
with other solutions with stretching effect [13,39]. From this table
it can be seen that the non-dimensional axial stress decrease as the
exponent ‘‘p’’ increase, except for the exponent p = 0. Again, it can
be seen that the present results are higher (in absolute value) than
the other solutions due to the influence of the thickness stretching
effect.

In Tables 11 and 12 the results of the non-dimensional trans-
verse shear stress �sxz of FG sandwich square plates considering a
generalized temperature field are presented. The results of this
theory are compared with solutions based on HSDTs proposed by
Reddy [43], Touratier [44] and Karama [45,46] which were repro-
duced in this paper for the present analysis. Table 11 presents
results of non-dimensional transverse shear stress considering a
sine function in the nonlinear temperature distribution, i.e.,
W(z) = (h/p) sin(pz/h); and Table 12 considering a polynomial
function in the nonlinear temperature distribution, i.e., W(z) =
z(1 � (4/3)(z/h)2). From these tables can be noticed that the present
results are higher than the other solutions in all cases. It is worth
highlighting that nonlinear temperature field with polynomial
function produces lower values of transverse shear stress, see
Tables 11 and 12. The non-dimensional transverse shear stresses
do not follow a particular pattern with respect to the exponent
‘‘p’’. This fact is also shown in the next section.
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Fig. 7. Variation of non-dimensional deflection �w of FG sandwich square plate
B-type versus the coefficient of the thermal load bT 2ðbT 3 ¼ 0; a=h ¼ 10;p ¼ 2, 1-1-1).
4.4. Study of the effect of thermal loads on FG sandwich plates

In this section the variation of non-dimensional deflection, �w,
axial stress, �rxx, and transverse shear stress results, �sxz, with
respect to the thermal loads T1, T2 and T3, for both types of sand-
wich plates, are presented.

Figs. 5 and 6 show the variation of the non-dimensional deflec-
tion �w and non-dimensional stresses (�rxx; �sxzÞ as a function of the

coefficient of thermal load bT 2 of FG sandwich square plate A-type

for various values of bT 1 ¼ f0;10;100g, respectively. Fig. 5 shows

the strong influence of temperature coefficient bT 1 on the non-
dimensional deflection. This effect increases for high values of

thermal coefficient bT 1 and low values of coefficient of thermal loadbT 2. Likewise, in Fig. 6 it can be seen that the coefficient of thermal

load bT 1 also influences the results of the non-dimensional axial and
transverse shear stresses.
Figs. 7 and 8 show the variation of the non-dimensional deflec-
tion �w and non-dimensional stresses (�rxx; �sxzÞ as a function of the

coefficient of thermal load bT 2 of FG sandwich square plates B-type

for various values of bT 1 ¼ f0;10;100g, respectively. From these fig-

ures can be seen that the coefficient of thermal load bT 1 does not
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Fig. 8. Variation of non-dimensional stresses �rxx , �sxz of FG sandwich square plate
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A-type versus the coefficient of the thermal load T̂2 considering a nonlinear
temperature field with a sine function (WðzÞ ¼ ðh=pÞ sinðpz=hÞ; bT 1 ¼ 0, a/h = 10,
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Fig. 11. Variation of non-dimensional deflection �w of FG sandwich square plate
B-type versus the coefficient of the thermal load bT 2 considering a nonlinear
temperature field with a sine function (WðzÞ ¼ ðh=pÞ sinðpz=hÞ; bT 1 ¼ 0, a/h = 10,
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influence the results of the non-dimensional deflections and trans-
verse shear stresses, contrary to what happens for a sandwich plate
A-type.

Figs. 9 and 10 show the variation of the non-dimensional deflec-
tion �w and non-dimensional stresses (�rxx; �sxzÞ as a function of the
coefficient of thermal load bT 2 of FG sandwich square plate A-type

for various values of bT 3 ¼ f�100;0;100g, respectively. These fig-

ures show that the coefficient bT 3 influences the non-dimensional
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deflection and non-dimensional axial and transverse shear stress.
However, the influence is reduced a lot with the increase of the

coefficient of thermal load bT 2. Similar results to the previous
figures were obtained for the sandwich plate B-type and they are
shown in Figs. 11 and 12.
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Fig. 12. Variation of non-dimensional stresses �rxx , �sxz of FG sandwich square plate
B-type versus the coefficient of the thermal load bT 2 considering a nonlinear
temperature field with a sine function (WðzÞ ¼ ðh=pÞ sinðpz=hÞ; bT 1 ¼ 0, a/h = 10,
p = 2, 1-1-1).

0 0.2 0.4 0.6 0.8 1 1.2
-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

_
w

_
z

T3 = -100

T3 = 0

T3 = 100

^

^

^
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Figs. 13 and 14 show the distribution of non-dimensional
deflection �w and stresses ð�rxx; �sxzÞ across the thickness direction
for FG sandwich plate A-type for several values of the coefficient

of thermal load bT 3 ¼ f�100;0;100g, respectively. From Fig. 13
can be noted that the non-dimensional deflection increases due
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to increase of coefficient bT 3. Non-dimensional deflection takes its
maximum value on the surfaces of the sandwich plate. However,

the effect disappears when the coefficient bT 3 ¼ �100. In Fig. 14 it

can be seen that the coefficient of thermal load bT 3 significantly
influences the results of the non-dimensional axial and transverse
shear stresses.

Figs. 15 and 16 show the effect of the thermal coefficient bT 3 on
the distribution of the non-dimensional deflection �w and stresses
(�rxx; �sxzÞ, respectively, across the thickness direction for FG sand-
wich plate B-type. The curves of Fig. 15 have the same tendency
as the results of the deflection of a sandwich plate A-type (see
Fig. 13). However, in this case, the non-dimensional deflections
are higher. Again, it can be noticed that the coefficient of thermal

load bT 3 has a significant influence on the results.
5. Conclusions

This paper presents a thermoelastic bending analysis for two
different types of FG sandwich plates with different schemes by
using a new quasi-3D hybrid type HSDT subjected to a generalized
temperature field. Many hybrid shear deformation theories with
only 5 unknowns can be derived by using the present generalized
formulation. The nonlinear term of the temperature field can be
different from the shear strain shape functions of the displacement
field. The governing equations are obtained through the principle
of virtual works. These equations are solved via Navier’s method.
The results were compared with the solutions of several theories.
It is concluded that the results of the present theory has an excel-
lent agreement with other theories with thickness stretching effect
for the thermoelastic static problem. The non-dimensional stresses
�rxx; �sxz and non-dimensional deflection �w are sensitive to the non-
linear term of the temperature field. The nature of the nonlinear
term of the temperature field strongly affects the results.
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Appendix A. Definition of constants in Eq. (29)

As mentioned before, these matrices are associated with the
expressions of the plate governing Eq. (19a-e) they used to calcu-
late the Kij element matrices. The advantage of the present tech-
nique is that infinite shear deformation theories can be created
and calculated by using the same following matrices, only ‘‘y⁄

and q⁄’’ should be changed.

M0;0¼

�k 0 0 0 0
0 �b 0 0 0
0 0 0 0 0
0 0 y�b 0 q�b

0 0 y�k 0 q�k
b k 0 0 0

2666666664

3777777775
; M0;1¼

0 0 �y��k2 k2 �q�k2

0 0 �y��b2 b2 �q�b2

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 2y��kb �2kb 2q�kb

26666666664

37777777775

M0;2 ¼

0 0 �k2 0 0
0 0 �b2 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 2kb 0 0

26666666664

37777777775
; M0;3 ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 b

0 0 0 0 k

0 0 0 0 0

2666666664

3777777775

M0;4 ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 b 0 0
0 0 k 0 0
0 0 0 0 0

2666666664

3777777775
; M0;5 ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2666666664

3777777775

M1;0
x ¼

�k2 0 0 0 0
0 �kb 0 0 0
0 0 0 0 0
0 0 y�kb 0 q�kb

0 0 �y�k2 0 �q�k2

�kb �k2 0 0 0

26666666664

37777777775

M1;1
x ¼

0 0 �y��k3 k3 �q�k3

0 0 �y��kb2 kb2 �q�kb2

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �2y��k2b 2k2b �2q�k2b

26666666664

37777777775
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M1;2
x ¼

0 0 �k3 0 0
0 0 �kb2 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �2k2b 0 0

26666666664

37777777775
; M1;3

x ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 kb

0 0 0 0 �k2

0 0 0 0 0

2666666664

3777777775

M1;4
x ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 kb 0 0
0 0 �k2 0 0
0 0 0 0 0

2666666664

3777777775
; M1;5

x ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 k

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2666666664

3777777775

M1;0
y ¼

�kb 0 0 0 0
0 �b2 0 0 0
0 0 0 0 0
0 0 �y�b2 0 �q�b2

0 0 y�kb 0 q�kb

�b2 �kb 0 0 0

2666666664

3777777775
;

M1;1
y ¼

0 0 �y��k2b k2b �q�k2b

0 0 �y��b3 b3 �q�b3

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �2y��kb2 2kb2 �2q�kb2

26666666664

37777777775

M1;2
y ¼

0 0 �k2b 0 0
0 0 �b3 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �2kb2 0 0

26666666664

37777777775
; M1;3

y ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 �b2

0 0 0 0 kb

0 0 0 0 0

2666666664

3777777775

M1;4
y ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �b2 0 0
0 0 kb 0 0
0 0 0 0 0

2666666664

3777777775
; M1;5

y ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 b

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

2666666664

3777777775

M2;0
y ¼

kb2 0 0 0 0
0 b3 0 0 0
0 0 0 0 0
0 0 �y�b3 0 �q�b3

0 0 �y�kb2 0 �q�kb2

�b3 �kb2 0 0 0

26666666664

37777777775

M2;1
y ¼

0 0 y��k2b2 �k2b2 q�k2b2

0 0 y��b4 �b4 q�b4

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �2y��kb3 2kb3 �2q�kb3

26666666664

37777777775
M2;2
y ¼

0 0 k2b2 0 0
0 0 b4 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �2kb3 0 0

26666666664

37777777775
; M2;3

y ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 �b3

0 0 0 0 �kb2

0 0 0 0 0

2666666664

3777777775

M2;4
y ¼

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 �b3 0 0
0 0 �kb2 0 0
0 0 0 0 0

2666666664

3777777775
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